Abstract. In this paper we have proved that a compact Riemannian manifold does not admit a metric with positive scalar curvature if there exists a real valued function in this manifold which is strictly positive along a geodesic ray satisfying expanding or steady Yamabe soliton.
Introduction and preliminaries
One of the most central problem of Riemannian geometry is that: given any smooth real valued function on the manifold is there any Riemannian metric whose associated scalar curvature is that function? This is a very broad question and motivated an enormous amount of researchers over the years. In case of compact manifold, Kazdan and Warner [9] proved the existence of such a Riemannian metric when the function is negative. A good amount of research have been done by several authors when the manifold admits a positive scalar curvature, see [6, 14] and in case of negative scalar curvature, see [4, 10] . The conformal version of the above question is that: given a Riemannian manifold with Riemannian metric g and a smooth real valued function on the manifold, is there any Riemannian metric conformal to g whose scalar curvature is that function? When the manifold is compact and given function is negative or zero, Aubin [2] showed that there exists such a metric and when the function is positive somewhere then Berger [3] has given a solution.
The notion of Yamabe flow has been introduced by R. Hamilton [7] in which the metric is evolved accordingly as
where R(t) is the scalar curvature of then metric g(t). A connected Riemannian manifold (M, g) with n ≥ 2 is called Yamabe soliton if there exists a vector field such that
where £ X denotes the Lie derivative in the direction of X and ρ is a scalar. The Yamabe soliton is called expanding, steady and contracting if ρ < 0, ρ = 0 and ρ > 0 respectively. If there exists a function ϕ ∈ C ∞ (M) such that X = gradϕ, then it is called gradient Yamabe soliton and then equation (1) takes the form
where ∇ 2 is the Hessian operator. The concept of pole in a Riemannian manifold was introduced by Gromoll and Meyer [5] . A point p ∈ M of a Riemannian manifold is called a pole [5] if the tangent space T p M at the point p is diffeomorphic to M. A smooth function ϕ : M → R is said to be convex [13, 15] if for any p ∈ M and for any vector
In section 2, we have proved that if there exists a strictly positive function along a geodesic ray in a compact Riemannian manifold, satisfying expanding or steady Yamabe soliton, then the manifold does not admit any Riemannian metric with positive scalar curvature. In the last section, we have deduced a relation between scalar curvature and surface area of geodesic ball in a complete Riemannian manifold with a pole satisfying steady gradient Yamabe soliton.
Riemannian metric and Yamabe soliton
The main result of this paper is the following:
Suppose there exists δ ∈ R such that f ≥ δ > 0 along some geodesic ray satisfying the equation
Then M does not admit any Riemannian metric with positive scalar curvature. 
Thus from (3) the above equation implies
Now using the Cauchy-Schwarz inequality, we get
Since M is compact, there exists a scalar K such that X ≤ K. Hence, the above equation
Again taking limit on both side, we obtain
Now ρ ≤ 0 implies that lim t 0 →∞ ρt 0 ≤ 0. Thus, we have (4) lim
where C(p) is a constant depends on p. But from the given condition, we get Proof. Since f is negative somewhere, by the Theorem 2.2, there is a Riemannian metric whose scalar curvature R is f . Again f satisfies the equation (3), so by using (4), the result easily follows.
Theorem 2.5. From the above Theorem, we can state the following result: Proposition 2.6. Let M be a compact n-dimensional Riemannian manifold with n ≥ 3 and
If there exists a Riemannian metric g whose scalar curvature is f and which satisfies the gradient Yamabe soliton (2) , then f must be constant.
Upper bound of scalar curvature
In this section we have given a relation between the scalar curvature and volume and surface area of a geodesic ball. Let M be a Riemannian manifold with a pole p. Then by the notation
Theorem 3.1. 
where If the Riemannian metric g satisfies the steady gradient Yamabe soliton
) and B R (p) is a geodesic ball with center at p and radius R.
Proof. Taking trace in both sides of (6), we get
Now taking η as the unit outward normal vector along ∂B p (R) and integrating in B p (R) an then using divergence theorem and applying convexity property of ϕ, we have
where ϕ(x 0 ) = inf{ϕ(x) : x ∈ ∂B p (R)} and ϕ(exp x ′ η) = sup{ϕ(exp x η) : x ∈ ∂B p (R)}. Since η is the unit outward normal along ∂B p (R), the set {exp x η : x ∈ ∂B p (R)} = ∂B p (R ′ ) for some R ′ > R. Also, V ol(∂B p (R)) ≤ V ol(∂B p (R ′ )). So the above equation reduces to 2
Bp(R)
RdV ≤ ϕ(x ′′ )V ol(∂B p (R ′ )) − ϕ(x 0 )V ol(∂B p (R)), where x ′′ = exp x ′ η. Since lim x→∞ R(x) ≥ 0, it implies that R ≥ 0 by using Theorem 3.1. Now using Theorem 3.2, we get
Rearranging the above inequality, we get
Hence, we get the required inequality.
